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$OWKRXJK DOO PDWWHU LV FRPSRVHG RI DWRPV� LW LV RIWHQ FRQYHQLHQW WR

SUHWHQG WKH PDWWHU LV FRQWLQXRXV UDWKHU WKDQ GLVFUHWH� :H VKDOO GLVFXVV

WKH SK\VLFDO MXVWLILFDWLRQ IRU VXFK DSSUR[LPDWLRQ LQ VXEVHTXHQW FKDSWHUV

RQ IOXLGV DQG HODVWLF VROLGV� 7R GHULYH G\QDPLFDO HTXDWLRQV� /DJUDQJLDQV

DQG+DPLOWRQLDQV �WRJHWKHU ZLWK WKH DSSDUDWXV RI FDQRQLFDO FRRUGLQDWHV

DQG PRPHQWD LPSOLFLW WKHUHLQ� ZH PHQWDOO\ VXEGLYLGH WKH FRQWLQXRXV

V\VWHP LQWR GLVFUHWH VHJPHQWV WKDW REH\ 1HZWRQ·V ODZV� $VVXPLQJ WKH

DSSURSULDWH SK\VLFDO TXDQWLWLHV PD\ EH UHSUHVHQWHG E\ VXIILFLHQWO\ ZHOO�

EHKDYHGPDWKHPDWLFDO IXQFWLRQV RI FRRUGLQDWHV DQG WLPHZH XVH7D\ORU·V

VHULHV WR UHODWH LQILQLWHVLPDO TXDQWLWLHV RI WKH VDPH RUGHU� 7KH UHVXOWLQJ

SDUWLDO GLIIHUHQWLDO HTXDWLRQV FRPSULVH RXU PDWKHPDWLFDO PRGHO RI D

FRQWLQXRXV V\VWHP�

1. ��
�������
���	��

:H LPDJLQH D XQLIRUP VWULQJ

VWUHWFKHG EHWZHHQ WZR IL[HG VXS�

SRUWV� 7KH WHQVLRQ LQ WKH VWULQJ LV

7� PHDQLQJ WKDW WKDW LV WKH IRUFH

WKH VWULQJ H[HUWV RQ HDFK VXSSRUW�

,Q HTXLOLEULXP� RI FRXUVH� WKH

VWULQJ·V FXUYH LV D VWUDLJKW OLQH �QH�

JOHFWLQJ JUDYLWDWLRQ�� :H UHSODFH

WKLV VWULQJ E\ D VHW RI GLVFUHWH

PDVVHV�

∆P = µ ∆ξ

ZKHUHµ LV WKHPDVV SHU XQLW OHQJWK
DQG ∆ξ LV WKH VSDFLQJ EHWZHHQ WKH
QRGHV ZKHUH WKH PDVVHV DUH OR�

FDWHG�

'HYLDWLRQV IURP HTXLOLEULXP DUH GHVFULEHG E\ WKH LQVWDQWDQHRXV WUDQV�

YHUVH GLVSODFHPHQW�ψQ(W) � DW WKHQ·WK QRGH DORQJ WKH VWULQJ�:H FDQ DSSO\
1HZWRQ·V 6HFRQG /DZ WR WKH PRWLRQ RI� VD\� QRGH Q�

∆Pψ
..
Q = − τ

∆ξ


ψQ − ψQ−� + ψQ − ψQ+�

= τ
∆ξ



ψQ−� − �ψQ + ψQ+�

ZKHUH ZH KDYH WDNHQ WKH WUDQVYHUVH FRPSRQHQW RI WKH UHVWRULQJ IRUFH�

IUHVW = −τVLQθ ≈ −τ ∆ψ
∆ξ
�
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7UDQVLWLRQ WR WKH FRQWLQXXP OLPLW

,I ZH LPDJLQH ψQ(W) LV UHDOO\ D FRQWLQXRXV IXQFWLRQ�

 ψ([� W) [=Q∆ξ

HYDOXDWHG DW WKH Q·WK QRGH� ZH PD\ H[SDQG LQ 7D\ORU·V VHULHV�

ψQ−� − �ψQ + ψQ+� ≡ ψ([−∆ξ) − �ψ([) + ψ([+∆ξ)

≈ ψ([) −
∂ψ([)

∂[
∆ξ +

�

�

∂�ψ([)
∂[�

(∆ξ)� + …

≈ ψ([) +
∂ψ([)

∂[
∆ξ +

�

�

∂�ψ([)
∂[�

(∆ξ)� + …

≈ − �ψ([)

≈
∂�ψ([)

∂[�
(∆ξ)� �

7KLV DSSUR[LPDWLRQ OHDGV WR WKH HTXDWLRQ RI PRWLRQ RI D XQLIRUP�

FRQWLQXRXV� VWUHWFKHG VWULQJ�

µ∆ξ ∂�ψ
∂W�

= τ ∆ξ ∂�ψ
∂[�

+ 2
 (∆ξ)� 



RU� LQ WKH OLPLW DV ∆ξ → ��

µ ∂�ψ
∂W�

= τ ∂�ψ
∂[�

�

$OWKRXJK LW LV QRW SRVVLEOH IRU WKH WHQVLRQ τ WR YDU\ DORQJ WKH VWULQJ� WKH
OLQHDU PDVV�GHQVLW\ µ FDQ YDU\� LQ ZKLFK FDVH WKH SKDVH YHORFLW\

X� = τ
µ

EHFRPHV D IXQFWLRQ RI SRVLWLRQ� ,Q WHUPV RI WKH SKDVH YHORFLW\ZH UHZULWH

WKH VWULQJ HTXDWLRQ LQ WKH IRUP

�

X�
∂�ψ
∂W�

− ∂�ψ
∂[�

= �

ZKLFK LV PDQLIHVWO\ D ZDYH HTXDWLRQ� :HUH WKH VWULQJ ERWK XQLIRUP DQG
LQILQLWH LQ H[WHQW� WKH SUHFHGLQJ HTXDWLRQ ZRXOG KDYH VROXWLRQV RI WKH

IRUP

ψ
±
([� W) = 




I([−XW)
I([+XW) �

2Q D ILQLWH VWULQJ VXSSRUWHG DW ERWK HQGV �ORFDWHG DW [ � DQG [ O� WKH

VROXWLRQ LV VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV

ψ(�� W) = ψ(O� W) = � �
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/DJUDQJLDQ RI D VWUHWFKHG VWULQJ

7KH NLQHWLF HQHUJ\ RI D V\VWHP RI GLVFUHWH PDVVHV LV

.( =
�

�
∆ξ ∑

N

µ(N∆ξ) ψ
.
N

�

DQG WKH SRWHQWLDO HQHUJ\ LV

9 =
�

�

τ
∆ξ ∑

N



ψN+� − ψN


�

≈
�

�
τ ∆ξ ∑

N









∂ψ
∂[





�



 N∆ξ

KHQFH WKH /DJUDQJLDQ EHFRPHV

/ = ∆ξ ∑
N








�

�
µ(N∆ξ)





∂ψ(N∆ξ� W)
∂W





�

−
�

�
τ ∑

N





∂ψ(N∆ξ� W)
∂[





�








→
∆ξ → �

∫ �

�

�O

G[



�

�
µ([)





∂ψ([� W)
∂W





�

−
�

�
τ





∂ψ([� W)
∂[





�




�

7KH LQWHJUDQG LV FDOOHG WKH /DJUDQJLDQ GHQVLW\�/




∂ψ
∂[
�

∂ψ
∂W
� ψ� [


�

+DPLOWRQLDQ RI D VWUHWFKHG VWULQJ

5HWXUQLQJ WR WKH RULJLQDO V\VWHP RI GLVFUHWH PDVVHV ZH VHH WKDW WKH

FDQRQLFDO PRPHQWXP FRUUHVSRQGLQJ WR WKH ´JHQHUDOL]HG FRRUGLQDWHµ

ψN LV MXVW

πN = ∆ξ µ(N∆ξ) ψ
.
N �

KHQFH WKH +DPLOWRQLDQ EHFRPHV

+ = ∆ξ ∑
N








�

�
µ(N∆ξ)





∂ψ(N∆ξ� W)
∂W





�

+
�

�
τ ∑

N





∂ψ(N∆ξ� W)
∂[





�








→
∆ξ → �

∫�G[ 


�

�
µ([)





∂ψ([� W)
∂W





�

+
�

�
τ





∂ψ([� W)
∂[





�




�

&RUUHVSRQGLQJO\� WKH LQWHJUDQG LV FDOOHG WKH+DPLOWRQLDQ GHQVLW\�

+ 
 π([�W)� ψ([�W)� [ �
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6ROXWLRQV RI WKH ZDYH HTXDWLRQ IRU D VWULQJ

7R GHWHUPLQH WKH SRVVLEOH VROXWLRQV RI WKH SDUWLDO GLIIHUHQWLDO HTXDWLRQ

�

X�
∂�ψ
∂W�

− ∂�ψ
∂[�

= �

ZH HPSOR\ D VWDQGDUG WULFN� VHSDUDWLRQ RI YDULDEOHV� :ULWH

ψ([� W) = 7(W);([) �

VXEVWLWXWH LQ WKH ZDYH HTXDWLRQ� DQG GLYLGH E\ 7(W);([) WR JHW
7
..

(W)
7(W)

= X�([)
;″([)
;([)

�

6LQFH WKH OHIW�KDQG VLGH GHSHQGV RQ W RQO\� DQG WKH ULJKW RQ [ RQO\� DQG
VLQFH WKHVH WZR YDULDEOHV DUH LQGHSHQGHQW� LW PXVW EH WUXH WKDW WKH\ DUH

ERWK HTXDO WR WKH VDPH FRQVWDQW�

6XSSRVH WKLV FRQVWDQW λ ZHUH SRVLWLYH� WKHQ EHFDXVH WKH VROXWLRQV RI
;″([) = λX�([);([)

FDQ EH HLWKHU PRQRWRQLFDOO\ LQFUHDVLQJ RU GHFUHDVLQJ� LW ZLOO EH LPSRVVL�

EOH IRU WKHP WR YDQLVK DW ERWK HQGV RI WKH VWULQJ� +HQFH WKH ERXQGDU\

FRQGLWLRQV IRUFH XV WR ZULWH

G�7

GW�
+ ω� 7 = �

ZKHUH ω� LV UHDO DQG SRVLWLYH� 6LPLODUO\�

G�;

G[�
+ ω�X� ; = �

ZKHUH ZH XVXDOO\ ZULWH

ω�X�([) = N�([) > � �

,I N LV FRQVWDQW �L�H� WKH VWULQJ KDV XQLIRUP GHQVLW\�� WKH HTXDWLRQ IRU

;�[� EHFRPHV HDV\ WR VROYH DFFRUGLQJ WR WKH ERXQGDU\ FRQGLWLRQV

;(�) = ;(O) = ��

7KH JHQHUDO VROXWLRQ RI

G�;

G[�
+ N� ; = �

LV

;([) = $VLQ(N[) + %FRV(N[) �

IURP WKH FRQGLWLRQ DW [ � ZH VHH % �� DQG IURP WKDW DW [ O ZH VHH

NO = Qπ � Q=�� ��…

7KXV WKH SRVVLEOH YLEUDWLRQ IUHTXHQFLHV DUH GHWHUPLQHG WR EH
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ωQ = XNQ = X
Qπ
O

ZKLFK DUH LPPHGLDWHO\ VHHQ WR KDYH WKH FRUUHFW GLPHQVLRQDOLW\�

>ωQ@ = W−��

5D\OHLJK�5LW] YDULDWLRQDO SULQFLSOH IRU HLJHQYDOXHV

7KH HTXDWLRQ

G�;

G[�
+ ω�X�([) ; = � �

VXEMHFW WR ERXQGDU\ FRQGLWLRQV� SRVHV DQ HLJHQYDOXH SUREOHP DNLQ WR

WKDW IRXQG LQ GLVFUHWH YLEUDWLQJ V\VWHPV �FRXSOHG RVFLOODWRUV�� 7KH

+DPLOWRQLDQ IRU D SDUWLFXODU QRUPDO PRGH RI YLEUDWLRQ EHFRPHV

+ = ∫�G[ 


�

�
µ([) ;�([) 7

.
�(W) +

�

�
τ 7�(W)





G;([� W)
G[





�




�

DYHUDJLQJ RYHU RQH F\FOH RI WKH �VLQXVRLGDO� RVFLOODWLRQ ZH KDYH

〈+〉 =
�

� ∫
�

O

G[



�

�
µ([) ;�([) ω� +

�

�
τ





G;([� W)
G[





�




�

LW LV HDV\ WR VHH WKDW ZH FDQ REWDLQ RXU GLIIHUHQWLDO HTXDWLRQ IRU ;�[� E\
YDU\LQJ WKH IXQFWLRQDO

∫
�

O

G[ τ




G;([� W)
G[





�

VXEMHFW WR WKH FRQVWUDLQW

∫
�

O

G[ µ([) ;�([) = FRQVWDQW �

7KDW LV� WKH IUHTXHQF\ SOD\V WKH UROH RI WKH /DJUDQJH PXOWLSOLHU� 7KLV

OHDGV XV WR WKH 5D\OHLJK�5LW] YDULDWLRQDO SULQFLSOH�

ω� <
∫
�

O

G[ τ




G;([� W)
G[





�

∫
�

O

G[ µ([) ;�([)
�

WKH IDFW WKDW LW LV LQGHHG DQ XSSHU ERXQG RQ WKH VTXDUHG IUHTXHQF\ LV
SURYHG LQ VWDQGDUG WH[WV RQ PDWKHPDWLFDO SK\VLFV�

/HW XV LOOXVWUDWH� ZH NQRZ WKH VROXWLRQ IRU WKH ORZHVW�IUHTXHQF\ PRGH

RI D XQLIRUP VWULQJ LV

;�([) = $VLQ




π[
O




�
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JLYLQJ WKH H[DFW ORZHVW IUHTXHQF\ ω�

� = τ
µ

π�

O�
� 7KH 5D\OHLJK�5LW] ERXQG

PD\ EH XVHG WR HVWLPDWH WKLV IUHTXHQF\� VLQFH DQ\ IXQFWLRQ WKDW VDWLVILHV

WKH ERXQGDU\ FRQGLWLRQV ZLOO \LHOG D YDOXH ODUJHU WKDQ WKH H[DFW RQH� 7R

VHH KRZ JRRG WKLV FDQ EH� WDNH D WULDO IXQFWLRQ

;WULDO([) = [ (O − [)

DQG VXEVWLWXWH LQWR WKH XSSHU ERXQG�

ω� <
τ ∫

�

O

G[ 
O − �[

�

µ ∫
�

O

G[ [� 
O − [

�

= τ
µ

O� − �O� +
�

�
O�

O�

�
−
O�

�
+
O�

�

= τ
µ
��

O�
�

WKH H[DFW QXPEHU�

π� = (����������…)��

LV RQO\ VOLJKWO\ OHVV WKDQ

�� = (����������…)� �

L�H� WKH 5D\OHLJK�5LW] HVWLPDWH LV SUHWW\ JRRG�

2. �����
��������	��
	�
����

,Q D JDV ZH PD\ QRUPDOO\ LJQRUH YLVFRVLW\ DQG JUDYLW\� (XOHU·V HTXDWLRQ�

WKH HTXDWLRQ RI PDVV FRQVHUYDWLRQ� DQG D ELW RI WKHUPRG\QDPLFV DUH DOO

ZH QHHG WR GHULYH D ZDYH HTXDWLRQ IRU VRXQG�

,PDJLQH WKH JDV KDV HTXLOLEULXP SUHVVXUH S
_
� GHQVLW\ ρ

__
� DQG ]HUR PDFUR�

VFRSLF YHORFLW\� 7KHQ ZH PD\ LPDJLQH D VRXQG ZDYH WR LQYROYH VPDOO

H[FXUVLRQV IURP HTXLOLEULXP δS� δρDQG δY→� ,I ZH LJQRUH WHUPV RI VHFRQG
RU KLJKHU RUGHU LQ VPDOO TXDQWLWLHV� ZH ILQG

ρ
__ ∂δY→

∂W
= −∇δ S

DQG

∂δρ
∂W

+ ρ
__

∇⋅ δ Y
→ = � �

WDNLQJ WKH GLYHUJHQFH RI WKH ILUVW� DQG WKH WLPH GHULYDWLYH RI WKH VHFRQG

HTXDWLRQ DQG HOLPLQDWLQJ δY→ EHWZHHQ WKHP� ZH REWDLQ
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* 2I FRXUVH� WKH PROHFXOHV PRYH TXLWH UDSLGO\� EXW UDQGRPO\� VR WKHUH LV QR
RYHUDOO IORZ�



∂�δρ
∂W�

= ∇ �δS �

:H FDQ JR QR IXUWKHU ZLWKRXW D ZD\ WR UHODWH δS DQG δρ� 6XFK D UHODWLRQ
IROORZV IURP DQ HTXDWLRQ RI VWDWH³VRPHWKLQJ REWDLQHG IURP NQRZOHGJH
RI WKH WKHUPRG\QDPLFV RI WKH JDV� 1HZWRQ DVVXPHG WKDW WKH WHPSHUD�

WXUH UHPDLQV FRQVWDQW GXULQJ WKH IOXFWXDWLRQV RI GHQVLW\ DQG SUHVVXUH LQ

D VRXQG ZDYH� 7KDW LV� KH DVVXPHG %R\OH·V /DZ�

G 
S9 

= ��

ZKLFK LV HDVLO\ VHHQ WR \LHOG WKH UHODWLRQ

S = S
_ 




ρ
ρ
__



�

,Q IDFW� 1HZWRQ ZDV ZURQJ³WKH IOXFWXDWLRQV DUH DGLDEDWLF �VRPHWLPHV
FDOOHG LVHQWURSLF�� PHDQLQJ QR KHDW IORZV LQ RU RXW RI WKH VPDOO YROXPHV

ZH KDYH EHHQ FRQVLGHULQJ� 8QGHU WKHVH FRQGLWLRQV�

S = S
_ 




ρ
ρ
__




γ

ZKHUH γ LV WKH UDWLR RI VSHFLILF KHDWV DW FRQVWDQW SUHVVXUH DQG YROXPH�

γ =
FS
F9
�

7KHQ WKH VPDOO H[FXUVLRQV DUH UHODWHG E\

δS = γ
S
_

ρ
__δρ �

ZKLFK� ZKHQ VXEVWLWXWHG LQWR RXU SUHYLRXV HTXDWLRQ� OHDGV WR

∂�δρ
∂W�

= 


γ
S
_

ρ
__ 




∇ �δρ �

IURP ZKLFK ZH LGHQWLI\ WKH VSHHG RI VRXQG�

X� = 


γ
S
_

ρ
__ 



� �

6LQFHγ = �

�
IRUPRQRDWRPLFJDVHV �FS = �

�
5 � F9 = �

�
5� DQG

�

�
IRUGLDWRPLF

RQHV �FS = �

�
5 � F9 = �

�
5 �� WKH REVHUYHG VSHHG RI VRXQG LQ DLU �DPL[WXUH

RI GLDWRPLF JDVHV� LV DERXW ���JUHDWHU WKDQ WKDW SUHGLFWHG E\1HZWRQ·V

WKHRU\� 1HZWRQ ZDV FRQYLQFHG RI WKH JHQHUDO FRUUHFWQHVV RI KLV LGHDV�

DQG SURSRVHG D QXPEHU RI IL[HV WR H[SODLQ WKH GLVFUHSDQF\³QRW YHU\

GLIIHUHQW IURP ZKDW WKHRULVWV GR WRGD\ ZKHQ WKHLU QXPEHUV DUH D ELW RII�

7KLV ZDV E\ QR PHDQV HTXLYDOHQW WR VFLHQWLILF IUDXG� KRZHYHU³%URDG
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DQG :DGH� LQ WKXV DFFXVLQJ 1HZWRQ RI IUDXG� PHUHO\ UHYHDO WKHLU

LJQRUDQFH RI WKH GLVWLQFWLRQ EHWZHHQ JRRG DQG IUDXGXOHQW VFLHQFH�

/DJUDQJLDQ IRU VRXQGZDYHV

,I ZH LPDJLQH D VPDOO GLVSODFHPHQW ζ
→

([→� W) RI D YROXPH RI JDV� IURP LWV
HTXLOLEULXP SRVLWLRQ� ZH FDQ LPPHGLDWHO\ H[SUHVV WKH NLQHWLF HQHUJ\

GHQVLW\ DV

�

�
ρ 




∂
∂W

ζ
→

([→� W)


�

�

EXW ZKDW VKDOO ZH WDNH IRU WKH SRWHQWLDO HQHUJ\ GHQVLW\" 7KH SUHVVXUH

KDV WKH GLPHQVLRQV RI HQHUJ\ GHQVLW\� EXW WKH SUHVVXUH DW WKH QHZ

SRVLWLRQ� S
[
→+ ζ

→
([→� W)

� FDQQRW EH ULJKW� 3K\VLFDOO\� ZH ZDQW WKH DYHUDJH

RI WKH QHZ SUHVVXUH ZLWK WKH SUHVVXUH DW WKH SRLQW [
→
� JLYLQJ

/ = ∫ G�[



�

�
ρ 




∂
∂W

ζ
→

([→� W)


�

−
�

�

S

[
→+ ζ

→
([→� W)

+ S([→)



�

([SDQGLQJ WR OHDGLQJ RUGHU LQ ζ→([→� W) ZH REWDLQ

/ = ∫ G�[



�

�
ρ 




∂
∂W

ζ
→

([→� W)


�

−
�

�
ζ
→

([→� W) ⋅∇ S




+ FRQVWDQW �

1RZ� XVLQJ WKH DGLDEDWLF HTXDWLRQ RI VWDWH DQG WKH FRQWLQXLW\ HTXDWLRQ

DV SUHYLRXVO\� ZH ILQG

∇ S = γ
S
_

ρ
__ ∇δρ

DQG

∂
∂W

(δρ + ρ
__

∇⋅ζ
→

) = � �

RU

∇δρ = −ρ
__

∇ 
 ∇⋅ζ

→
 �

7KXV� QHJOHFWLQJ VXUIDFH WHUPV�

− ∫ G�[ ζ
→

([→� W) ⋅∇ S = γS
_
∫ G�[ ζ

→
⋅ ∇ 

 ∇⋅ζ→
 ≡ −γS

_
∫ G�[ 

 ∇⋅ζ
→


�

�

7KHUHIRUH RXU /DJUDQJLDQ EHFRPHV

/ = ∫ G�[



�

�
ρ
__ 




∂
∂W

ζ
→

([→� W)


�

−
�

�

 ∇⋅ζ

→
([→� W) 


� 



�
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* :� %URDG DQG 1� :DGH� %HWUD\HUV RI WKH WUXWK �6LPRQ DQG 6FKXVWHU� 1HZ
<RUN� ������



,W LV ZRUWK QRWLQJ WKDW WKH HTXDWLRQ RI PRWLRQ LV

ρ
__ ∂�ζ

→

∂W�
− γS

_
∇ 

 ∇⋅ζ
→

 = �

VR WKDW ZH ILQG D ZDYH HTXDWLRQ LQ WKH GLYHUJHQFH RI WKH GLVSODFHPHQW�

ρ
__ ∂�

∂W�

 ∇⋅ζ

→
 − γS

_
∇ � 

 ∇⋅ζ
→

 = � �

7KLV VD\V WKDW RQO\ ORQJLWXGLQDO VRXQG ZDYHV SURSDJDWH³WUDQVYHUVH

ZDYHV ZRXOG LQYROYH WKH FXUO RI WKH GLVSODFHPHQW� ZKLFK LV REYLRXVO\

LQGHSHQGHQW RI SRVLWLRQ� KHQFH FDQQRW GHVFULEH D ZDYH�
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